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Abstract
We write down the supermembrane actions for M-theory backgrounds dual to general
N = 2 four-dimensional superconformal field theories. The actions are given to all orders
in fermions and are in a particular κ-gauge. When an extra U(1) isometry is present our
actions reduce to κ-gauge fixed Green-Schwarz actions for the corresponding Type IIA
backgrounds.
1 Introduction
N = 2 supersymmetric Yang-Mills (SYM) theories have played an important role in under-
standing the non-perturbative behaviour of gauge theories in four-dimensions [1]. Gaiotto [2]
has provided a construction of a very large family of four-dimensional N = 2 superconformal
field theories(SCFTs) using Riemann surfaces with suitable punctures. Dual M-theory space-
times for these gauge theories were written down by Gaiotto and Maldacena (GM) [3]. These
solutions are closely related to the solutions investigated in [4] and [5] and were found using
techniques first applied to N = 1 backgrounds in [6]. The GM solution contains an AdS5 factor,
an S2 and an S1 which geometrically encode the bosonic symmetries of the N=2 superconformal
algebra SU(2, 2|2). The three factors have different relative warpings which are functions of
the three remaining coordinates y , x1 , x2, with the S
1 being in addition fibred over these three
coordinates. The full solution is determined by a single function D(y, x1, x2) which satisfies the
three dimensional Toda equation
∂2x1D + ∂
2
x2
D + ∂2ye
D = 0 . (1.1)
For each N = 2 SCFT described by a Riemann surface with punctures, GM provide a set
of boundary conditions which D has to satisfy. The Riemann surface of the gauge theory
corresponds to the x1 , x2 coordinates in M-theory. The Toda equation (1.1) appears, in general,
to be hard to solve. However, under the assumption of an extra U(1) symmetry in the x1 , x2
plane it reduces to a Laplace equation [7]. General solutions to the Laplace equation with GM
boundary conditions were found in [8], while [9] proposed more general boundary conditions
relevant to the gauge/string duality.
In this paper we write down the explicit form of the Bergshoeff-Sezgin-Townsend (BST)
action [10] for supermembranes in the GM background in a particular κ-gauge. 1 The BST
action [10] is written in any background and has κ-symmetry. For a generic background,
knowing the spacetime bosonic fields is not sufficient to write down the BST action; one needs
to know the full supergeometry. For maximally supersymmetric backgrounds, it was found
that the supergeometry is quite simple [11, 12, 13] (see also [14, 15]) and the action can be
written down explicitly [13, 16, 17, 18]. For general backgrounds the supergeometry will be
quite involved and finding an explicit form of the BST action to all orders in fermions seems a
technically difficult problem. In this paper we find a κ-gauge in which the GM supergeometry
simplifies considerably, allowing us to write down explicit expressions for the BST action.
This paper is organised as follows. In section 2 we set our notation, review the superfield
1Our action, like the GM spacetime, depends implicitly on the function D.
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formulation of 11-dimensional supergravity, the BST supermembrane action and the GM so-
lution. In section 3 we write down a κ-gauge and show that in this gauge W , the four-form
superfield of 11-dimensional supergravity, is O(θ0) in superspace. This feature of the proposed
κ-gauge simplifies considerably the torsion constraints and allows us to write down explicit
expressions for the supervielbein and superconnection, which can be then be inserted into the
BST action. We then present our conclusions and include appendices on our gamma-matrix
and superalgebra conventions.
2 Setting the notation - a lightning review
In this section we set our notation by reviewing some aspects of 11-dimensional supergravity,
the BST action and the GM solution. Since much of this material is very well known, we will
be brief, and refer the reader to the literature for more details.
2.1 11-dimensional supergravity in superspace
11-dimensional superspace is given by the 43-component vector
ZΛ = (Xµ, θα) , (2.1)
where Λ = 1, . . . , 43, µ = 0, . . . , 10, α = 1, . . . , 32 are curved indices. 11-dimensional super-
gravity [19] is described in superspace by Wrstu, a 4-form superfield [20, 21], whose equation of
motion is
(ΓrstD)aWrstu(X, θ) = 0 . (2.2)
Above, r, s, · · · = 0, . . . , 10 and a, b, · · · = 1, . . . , 32 are tangent-space indices. The lowest
superspace component ofWrstu is Frstu, the 4-form field-strength of 11-dimensional supergravity.
The next two orders of the superfield are the gravitino field-strength and the supersymmetric
variation of the gravitino field-strength
(DaWrstu(X, θ))|θ=0 = 6(Γ[rsDˆtψu])a(X) , (2.3)
8(Da(Dˆ[rψs])b)|θ=0 =
(
Rˆrsmn(X)Γ
mn + 4[Tr
t1t2t3t4 , Ts
u1u2u3u4 ]Fˆt1t2t3t4(X)Fˆu1u2u3u4(X)
+8T[s
t1t2t3t4Dˆr]Fˆt1t2t3t4(X)
)
ab
, (2.4)
where ’hat’ denotes supercovariant derivatives, and
T rstuv =
1
144
Γrstuv − 1
18
Γ[stuηv]r . (2.5)
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W contains only physical fields of the theory, and the supertorsion and supercurvature can be
written exclusively in terms of W and its (first and second order) derivatives [20, 21]
T trs = T
c
ab = T
t
as = 0 ,
T rab =
i
2
(Γ0Γr)ab ,
T ars = −
1
42
(ΓtuΓ0)baDaWrstu ,
T car =
1
2
Wpstu(Tr
pstu)ca , (2.6)
Rmnab = (Γ
0Smnt1t2t3t4)abWt1t2t3t4 ,
Ras
mn = − i
42
(
(Γ0ΓnΓrtΓ0D)aWrt
m
s − (Γ0ΓmΓrtΓ0D)aWrtns
+(Γ0ΓsΓrtΓ0D)aWrt
mn
)
,
Rmn
b
c = − 1
21
(ΓnsΓ0)baDcDaWrsmn − 2(T[mt1t2t3t4Dn])bc
−[Tmt1t2t3t4 , Tnu1u2u3u4]bcWt1t2t3t4Wu1u2u3u4 . (2.7)
The following combination of gamma matrices appears above
St1t2 t3t4t5t6 =
1
72
Γt1t2 t3t4t5t6 +
1
3
δ
[t3
t1 δ
[t4
t2 Γ
t5t6] . (2.8)
These constraints arise from the identification of general coordinate and local supersymme-
try transformations in spacetime with general coordinate transformations in superspace [22].
Together with the equation of motion (2.2), they imply the Bianchi identities and the field
equations of 11-dimensional supergravity.
The supervielbein EAΛ and affine connection Ω
rs
Λ define the supertorsion
TCAB = (−)Λ(B+ν)EΛAEνB(DΛEcν − (−)ΛνDνECΛ ) , (2.9)
and Lie-algebra valued supercurvature
RAB
rs = (−)Λ(B+ν)EΛAEνB
(
∂ΛΩ
rs
ν − (−)Λν∂νΩrsΛ + (ΩrtΛΩusν − (−)ΛνΩrtν ΩusΛ )ηtu
)
. (2.10)
The supercurvature RAB
rs can be extended to a tensor RAB
CD by defining
RAB
c
d =
1
4
RrsAB(Γrs)
c
d , and RAB
cs = RAB
rb = 0 . (2.11)
In principle, one can use these equations, together with equations (2.6) and (2.7), to obtain
the supervielbein and affine connection from W , order-by-order in θ. In practice, however, this
is technically challenging, and explicit expressions do not exist beyond the O(θ2) terms for
general backgrounds.
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2.2 The BST supermembrane action
Given a supergeometry specified by the supervielbeine EAΛ and four-form Wrstu, which satisfy
equations (2.2), (2.6) and (2.7), Bergshoeff, Sezgin and Townsend postulated the following
action for a supermembrane coupled to this supergeometry
SBST =
1
2
∫
d3σ
√−g(gijEriEsj ηrs − 1)+
∫
d4σW , (2.12)
where σi, for i = 1, 2, 3, are the membrane world-volume coordinates and
EAi = ∂iZ
ΛEAΛ . (2.13)
The cosmological constant term ensures that the worldvolume metric satisfies the embedding
equation [23]
gij = E
a
i E
b
jηab ≡ Tij . (2.14)
The action (2.12) contains the integral of W = EΛ1EΛ2EΛ3EΛ4WΛ1Λ2Λ3Λ4, the pull-back of
the four-form superfield onto a four-dimensional manifold whose boundary is the membrane
worldvolume. This term is analogous to the formulation of the WZ term of the Green-Schwarz
superstring [24] action as an integral over a three-form [25]. The BST action is invariant under
κ-transformations [24, 26] of the form [10]
δκE
r = 0 ,
δκE
a = (1 + Γ¯)abκ
b ,
δκgij = 2(Xij − gijXkk) , (2.15)
where κ is a 32-component Majorana spinor and a world-volume scalar, and
δκE
A = δκZ
ΛEAΛ ,
Γ¯ab =
√−g
6
ǫijkEriE
s
jE
t
k(Γrst)
a
b ,
Xij = −1
4
ǫi
k1k2Erk1E
s
k2(Γrs)ab δκE
bEaj
+
1
2
κbEak1(Γt)abE
k1tgi[j(T
k2
k2T
k3
k3] + δ
k2
k2T
k3
k3]) + i↔ j . (2.16)
2.3 The GM solution
Let us summarise the M-theory solutions discussed by GM [2]. In this paper we will not
be explicitly interested in the boundary conditions that D satisfies, but rather in the formal
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expressions of spacetime fields on D. As a result, most of the formulas below can be found
already (after a suitable change of signature) in [4] and [5]. The M-theory solution dual to an
N=2 SCFT is
ds211 = κ
2
3 e2λ˜
(
4ds2AdS5 + y
2e−6λ˜dΩ˜22 + ds
2
4
)
ds24 =
4
1− y∂yD (dχ+ v)
2 − ∂yD
y
[dy2 + eD(dx21 + dx
2
2)]
e−6λ = − ∂yD
y(1− y∂yD) ,
vi =
1
2
ǫij∂jD
G4 = κF2 ∧ dΩ2
F2 = 2(dt+ v) ∧ d(y3e−6λ˜) + 2y(1− y2e−6λ˜)dv − ∂yeDdx1 ∧ dx2 , (2.17)
where D ≡ D(y, x1, x2) satisfies the Toda equation (1.1).
The LLM and GM solutions were found by analysing the Killing Spinor Equations (KSE).
This method was originally developed for AdS5 backgrounds preserving N = 1 supersymme-
try [6]. We briefly recall some of the key features here. In 11-dimensional supergravity the
supersymmetry variation of the gravitino is
δεψµ =
(
Dµ(ωˆ) + Tµ
ν1ν2ν3ν4Fˆν1ν2ν3ν4
)
ε , (2.18)
where
ωˆµrs = ωµrs +
i
2
(ψ¯µγsψr − ψ¯µγrψs + ψ¯sγµψr) , (2.19)
Fˆµ1µ2µ3µ4 = Fµ1µ2µ3µ4 − 3ψ¯[µ1γµ2µ3ψµ4] . (2.20)
In general, the Killing spinors η of a supersymmetric solution of 11-dimensional supergrav-
ity satisfy the KSE, which follow from the vanishing of the supersymmetry variation of the
gravitino 2
0 = δηψm = Dmη + Tm
n1n2n3n4Fn1n2n3n4η , (2.21)
To write down the LLM Killing spinors, we follow the gamma-matrix conventions of [4]
Γm=0,1,2,3,4 = ρm=0,1,2,3,4 ⊗ γ7 , Γm=5,6 = 1⊗ σ1,2 ⊗ γ5 ,
Γm=7,8,9,10 = 1⊗ 1⊗ γ1,2,3,4 ,
γ7 = σ3 ⊗ γ5 , γ5 = γ1γ2γ3γ4 , (2.22)
2Since we are only interested in bosonic solutions, we set all fermions on the r.h.s. to zero.
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where γ1,2,3,4 and ρ0,1,2,3,4 are SO(4) and SO(1, 4) gamma-matrices, respectively. Above, the
AdS5 directions are m = 0, 1, 2, 3, 4 and the S
2 directions are m = 5, 6. In this spinor-basis,
the Killing spinors of the LLM and GM solutions were found to be [4],
η = ψAdS5 ⊗ eλ/2ξ , (2.23)
where ψAdS5 is the AdS5 Killing spinor (which has 4 complex components) and ε is
ξ = (1− γ5γˆ)χ+ ⊗ ǫ (2.24)
Above, γˆ ≡ iγ7γ5, χ+ is an S2 Killing spinor (which has 2 complex components) 3 and ǫ is a
four-component spinor which is given by
ǫ = eζγ
3/2ǫ˜ , (2.25)
where 4 ζ is related to the coordinate y via [6]
y = e3λ sin ζ , (2.26)
and the spinor ǫ˜ satisfies the projections
(1− iγ123)ǫ˜ = 0 , (1− iγ23)ǫ˜ = 0 . (2.27)
Notice that the Killing spinors depend on the AdS5 and S
2 coordinates. The dependence on
the S1 coordinate is obtained in [4]. The Killing spinors also depend on the coordinates y, xi,
but only through the specific combination ζ = ζ(y, x1, x2).
As expected, the Killing spinors η have 8 complex (or 16 real) independent components,
since the GM backgrounds preserve 16 real supersymmetries. We will find it convenient to
define the projector Π˜ which projects a generic 32-component 11-dimensional Dirac spinor Ψ
onto the 16-dimensional Killing spinor η
η = Π˜Ψ . (2.28)
The explicit form of Π˜ follows from equations (2.23)-(2.25)
Π˜ ≡ 1
8 cos ζ
(
1− Γ5678910) (e−i ζ2Γ9(1 + iΓ78)(1 + Γ10)e−i ζ2Γ9) (1 + Γ5678910) , (2.29)
3We refer the reader to equation (F.10) of [4] for its explicit definition.
4When comparing the above to expressions in Appendix F of [4], the reader should note the following. In [4]
the authors are interested in a Wick-rotated version of the solution we are reviewing here. As a result, they use
superscripts 0, 1, 2, 3 on the gamma matrices corresponding to the four directions transverse to S2 and AdS5
(or more properly S5 in the Wick rotated setting of [4]). In our setting these four dimensions have a Euclidean,
rather than Minkowski, signature and it is more natural to label the gamma matrices with a superscript 1, 2, 3, 4.
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and one can easily check that Π˜2 = Π˜. In fact, spinors in 11-dimensional supergravity are
Majorana, and a bit of care must be taken when implementing this condition on the Killing
spinors η which are not Majorana. 5 Ultimately, projecting onto Majorana Killing spinors that
enter the torsion constraints reviewed above, is not done by the projector Π˜, but rather by a
related projector Π given by
Π = Π˜ +BΠ˜∗B−1 , (2.30)
where B satisfies
(Γm)∗ = BΓmB−1 , (2.31)
with ∗ denoting complex conjugation. One can check that Π is compatible with the Majorana
condition
BΠ = Π∗B∗ (2.32)
which explicitly is
Π ≡ 1
4 cos ζ
(
132 − Γ5678910
) (
e
ζ
2
Γ789(132 − Γ10)e
ζ
2
Γ789
) (
132 + Γ
5678910
)
=
1
2 cos ζ
(
cos ζ132 − Γ56789 − sin ζΓ5610
)
=
1
2 cos ζ
e−
ζ
2
Γ5610
(
132 − Γ56789
)
e−
ζ
2
Γ5610 . (2.33)
It is easy to check that Π2 = Π . Since Π projects a general spinor Ψ onto a spinor that satisfies
the KSE, the supersymmetry variation of ΠΨ vanishes
δε(Πψ) = 0 . (2.34)
This identity will play an important role in our choice of κ gauge.
3 The BST action in a suitable κ-gauge
In order to write down an explicit form of the BST action in a given supergravity background,
one first has to know the complete θ expansion of the superfield W . One can then insert this
into the supertorsion and supercurvature constraints (2.6) and (2.7) and, in principle, work
out the supervielbein order-by-order in θ. A major simplification was found to occur in the
maximally supersymmetric backgrounds AdS4 × S7 and AdS7 × S4 [12]; it was observed that
the superfield W was supercovariant
DAW = 0 . (3.1)
5I am grateful to Dan Waldram for a detailed discussion of this.
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This simplifies considerably the constraints (2.6) and (2.7), allowing for a straightforward al-
gebraic derivation of the supervielbein and affine connection [13]. One can also show [18] that
this derivation agrees with the superalgebra based expressions for the supervielbein and affine
connection [17]. Recall that, to show that W is supercovariant for these backgrounds, one
need only show that its O(θ) and O(θ2) components are zero [12]. The former is trivially
zero since this is a bosonic background (see equation (2.3)), the latter is proportional to the
supersymmetry variation of the field-strength of the gravitino (see equation (2.4))
W |O(θ2)term ∼ δε(Dˆ[µψν]) = Dˆ[µδεψν] . (3.2)
Since these backgrounds are maximally supersymmetric the KSE is satisfied for all spinors, and
so
δεψν = 0 , (3.3)
thus showing that the O(θ2) term is zero for the maximally supersymmetric backgrounds. One
can confirm this with a straightforward explicit calculation [12] by plugging in the supergravity
solution explicitly into equation (2.4).
From this argument we see immediately that for backgrounds that are not maximally super-
symmetric the O(θ2) term has to be non-zero: if it were zero we would conclude that the KSE
would be satisfied for all spinors - but that can only be true of the maximally supersymmetric
solutions. So it appears that for non-maximally supersymmetric backgrounds extracting the
supergeometry from the torsion constraints is a daunting task. However, our goal is not so
much the supergeometry, as the BST action. As reviewed in the previous section, the BST
action has κ-symmetry, and our claim is that with the right κ-gauge choice one can write down
an explicit form for the action. Choosing a suitable κ-gauge has also been useful in writing
down explicit string theory actions in certain backgrounds [27, 28].
Picking a κ-gauge effectively restricts the superspace coordinates θ to a 16-dimensional
subspace. In the GM backgrounds there is a natural κ-gauge choice dictated by the Killing
spinors namely we pick the 16 fermions θκ that satisfy
Πθκ = θκ , (3.4)
where the projection Π was defined in equation (2.33) above. This is the so-called Killing spinor
gauge, which has appeared in other settings in the past [29, 30, 28]. Using equations (2.34)
and (3.2) one can now show that the O(θ2) component of the superfield W is zero. 6 In other
6The background is bosonic, so the O(θ) term in the expansion of W is trivially zero; see equation (2.3).
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words, in the κ-gauge (3.4), W is supercovariant, and the supertorsion and supercurvature
constraints simplify considerably
T r ≡ dEr −EsΩst = −Ea(Γ0Γr)abEb ,
T a ≡ dEa − 1
4
Ωst(Γst)
a
bE
b = Er(Tr
s1s2s3s4)abWs1s2s3s4E
b ,
Rst ≡ dΩrs − Ωrt∧Ωts = 1
2
Et1Et2Rt1t2
rs +
1
2
Ea(Γ0Srst1t2t3t4)abWt1t2t3t4E
b . (3.5)
These conditions have the same form as the constrains for the maximally supersymmetric
backgrounds, albeit now with the fermions restricted to a sixteen-dimensional subspace by the
κ-gauge (3.4). By rescaling the θ coordinates [13]
θ→ tθ , (3.6)
for some generic c-number t, one can arrive at a series of first-order in t differential equations
which can be solved given the ”initial conditions” [13]
Ea|t=0 = 0 , Er|t=0 = dXµEµr(X) , Ea|t=0 = dXµωµrs(X) . (3.7)
A comprehensive derivation of the solution to this problem is given in [13, 18] and we simply
quote the final result 7
Ea =
8∑
n=0
1
(2n+ 1)!
MnDθκ ,
Er = dXµeµ
r(X) + 2
9∑
n=0
1
(2n+ 2)!
θaκ(Γ
0ΓrMn)ab(Dθκ)b ,
Ωrs = dXµωµ
rs(X)−
9∑
n=0
1
(2n+ 2)!
θaκ(Γ
0Srst1t2t3t4Mn)ab(Dθκ)bWt1t2t3t4 , (3.8)
where
Mab = 2Ws1s2s3s4(Γ0Trs1s2s3s4θκ)a(θκΓ0Γr)b
−1
4
(Γrtθκ)aWs1s2s3s4(θκΓ
0Srts1s2s3s4)b ,
θaκ = = θ
αEα
a(X) , (3.9)
and
Dθκ = (d+
1
4
ω · Γ + ErTrs1s2s3s4Fs1s2s3s4)θκ . (3.10)
7As a result of the Grassmann nature of the fermionic variables all of the sums terminate at a finite order.
The order at which they terminate is half of the maximally supersymmetric cases - since here we only have 16
real fermionic degrees of freedom.
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The above expression for the supervielbeine can then be inserted into equation (2.12) to give
the action for a supermembrane in a GM background in the κ-gauge (3.4). 8 One may compare
the action obtained in this way from the quadratic-order in fermions action [11] upon fixing of
the κ-gauge (3.4). We have done such a comparison for the Maldacena-Nun˜ez background and
found complete agreement up to quadratic order in fermions. Since the expressions are quite
lengthy and not very illuminating we do not include them here.
4 Conclusions
In this note we have derived an explicit, all-order in fermions, action for supermembranes in
GM spacetimes in a particular κ-gauge. Membranes moving in such spacetimes are conjectured
to be dual to N = 2 four-dimensional gauge theories. As such, knowing the dual membrane
action is an important step in understanding these gauge/string dualities.
General solutions to the Toda equation (1.1) with GM boundary conditions are not known.
If one assumes the presence of a U(1) isometry amongst the xi, the Toda equation reduces to
a Laplace equation [7] and the boundary value problem can be solved in this case for the GM
boundary conditions [8]. Reducing M-theory on this circle, one obtains Type IIA string theory
backgrounds which are believed to be the string theory duals of N = 2 four-dimensional gauge
theories. In [9] more general boundary conditions have been proposed, to encode the near-
horizon limit of NS5-brane positions. A common feature of all these Type IIA backgrounds is
the presence of regions of spacetime in which the dilaton field is large. Under the assumption of
a U(1) isometry, the BST supermembrane action has been shown to reduce to a Green-Schwarz
action on the KK-reduced spacetime [31]. An explicit dictionary exists for re-writing the 11-
dimensional supervielbein in terms of 10-dimensional supervielbeine which can then be inserted
into the GS actions [31]; an explicit discussion of the dilaton couplings can be found in [32].
It is straightforward to apply these general formulas to our expressions (3.8) and in this way
obtain κ-gauge-fixed superstring actions for the backgrounds constructed in [8, 9].
It would be interesting to investigate these superstring actions in more detail, by for example
identifying (classically) closed subsectors analogous to the ones found in [33, 34]. Another
interesting question would be to investigate the integrability of such superstring actions. For
general solutions of the Toda or Laplace equation we do not expect integrability to be present.
However, one may wonder whether certain special solutions lead to integrable string actions. In
8We remind the reader that in the κ-gauge (3.4) the super-four-form W does not receive any higher-order θ
corrections.
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view of the results [35], it would also be interesting to see under what circumstances integrable
sub-sectors exist for these string actions, for example in analogy with the ones found in [33, 34].
Given recent progress in obtaining quartic order in fermions string actions [36], it would be
interesting to apply these results to match our expressions. Finally, we note that the methods
used here to obtain supergeometries and corresponding membrane and string actions in a
suitable κ-gauge should be applicable to other backgrounds preserving 16 real supersymmetries.
So, for example, if one were able to circumvent the no-go result of [37] and find Type IIB
solutions with N = 2 supersymmetry and an AdS5 factor, it would then be possible to obtain
the relevant string actions using methods similar to the ones we have described here.
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A 11-dimensional gamma matrices
We will use the following conventions for the 32× 32 gamma matrices.
Γ0 = iγ5 ⊗ γ7 , Γ1 = γ1 ⊗ γ7 , Γ2 = γ2 ⊗ γ7 ,
Γ3 = γ3 ⊗ γ7 , Γ4 = γ4 ⊗ γ7 ,
Γm=5,6 = 14 ⊗ σ1,2 ⊗ γ5 , Γm=7,8,9,10 = 18 ⊗ γ1,2,3,4 ,
γ7 = σ3 ⊗ γ5 , γ5 = γ1γ2γ3γ4 . (A.11)
It will be particularly useful for us to consider
γ1 = σ2 ⊗ σ1 , γ2 = σ2 ⊗ σ2 , γ3 = σ2 ⊗ σ3 ,
γ4 = σ1 ⊗ 12 , γ5 = σ3 ⊗ 12 . (A.12)
We define the matrices B, C and T in the conventional way
(Γm)∗ = BΓmB−1 , (Γm)t = −TΓmT−1 , (Γm)† = −CΓmC−1 , (A.13)
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where ∗ , t , † , are complex conjugation, transpose and hermitian conjugation, respectively. The
matrices defined above satisfy
BB∗ = 132 , TT
t = −132 , CC† = 132 . (A.14)
Note in particular that the first of the above identities allows one to impose the Majorana
condition. In the explicit basis (A.12) above these matrices are
B = Γ2Γ4Γ5Γ8Γ10 , C = Γ0 , T = BΓ0 , (A.15)
In our explicit basis we have
T = −i12 ⊗ ǫ⊗ ǫ⊗ σ3 ⊗ ǫ . (A.16)
B Some superalgebras
We collect here some information about the commutation relations of superalgebras OSp(1, 7|4),
OSp(1, 7|2) and SU(2, 2|2).
B.1 The OSp(1, 7|4) algebra
Recall that the OSp(1, 7|4) super-algebra relations are
[
PA , PB
]
= JAB ,
[
PA , JBC
]
= ηABPC − ηACPB , (B.17)[
JAB , JCD
]
= ηBCJAD ± 3 terms , [IIJ , IKL] = δJKIIL ± 3 terms , (B.18)[
Qaˆαˆ , J
AB
]
=
1
2
Qbˆαˆ(ρ
AB)bˆaˆ ,
[
Qaˆαˆ , P
A
]
=
1
2
Qbˆαˆ(ρ
A)bˆaˆ , (B.19)[
Qaˆαˆ , I
IJ
]
= −1
2
Qaˆβˆ(γ
IJ)βˆ αˆ , (B.20){
Qaˆαˆ , Qbˆβˆ
}
= i(tρAB)aˆbˆtˆαˆβˆJ
AB − 2i(tρA)aˆbˆtˆαˆβˆPA − 2itaˆbˆ(tˆγIJ)αˆβˆIIJ . (B.21)
Above, ηAB = diag(−1 , 1 , 1 , 1 , 1 , 1 , 1), aˆ = 1 . . . 8 is a Dirac SO(1, 7) spinor index, αˆ =
1 . . . 4 is a Dirac SO(5) spinor index, A,B = 0, . . . , 6 is a SO(1, 7) vector index and I, J =
1, . . . , 5 is a SO(5) vector index. Above
γIJ =
1
2
(γIγJ − γJγI) , (B.22)
with an explicit basis of γI given in equation (A.12) above. The matrices ρA satisfy
{
ρA , ρB
}
= 2ηAB , (B.23)
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and
ρAB =
1
2
(ρAρB − ρBρA) . (B.24)
An explicit basis is given by
ρ0 = iγ5 ⊗ σ3 , ρ1 = γ1 ⊗ σ3 , ρ2 = γ2 ⊗ σ3 ,
ρ3 = γ3 ⊗ σ3 , ρ4 = γ4 ⊗ σ3 , ρ5,6 = 14 ⊗ σ1,2 . (B.25)
The matrices t and tˆ are defined via
(ρA)t = −tρAt−1 , (γI)t = tˆγI tˆ−1 . (B.26)
The matrices tρA, tρAB and tˆ are anti-symmetric, while t and tˆγIJ are symmetric. In the
explicit basis we are using t and tˆ can be written as
tˆ = γ1γ3 , t = ρ1ρ3ρ6 = tˆ⊗ σ2 . (B.27)
The supercharges satisfy the reality condition
(Qaˆαˆ)
∗ = baˆ
bˆbˆαˆ
βˆQbˆβˆ , (B.28)
where b and bˆ are defined via
(ρA)∗ = bρAb−1 , (γI)∗ = bˆγI bˆ−1 , (B.29)
and in our basis
b = ρ0t , bˆ = tˆ . (B.30)
In the basis we are using we have the following useful identity
B = b⊗ bˆ . (B.31)
The reality condition (B.28) is consistent since
b∗b = −18 , bˆ∗bˆ = −14 . (B.32)
It is sometimes useful to write the IIJ as
P i ≡ I i5 , and I ij , (B.33)
where i, j = 1, 2, 3, 4. Some useful identities involving the ρ and γ matrices are
2(ρA)
dˆ
aˆ(tρ
A)bˆcˆ − (ρAB)dˆaˆ(tρAB)bˆcˆ = 8taˆbˆδdˆcˆ − 8taˆcˆδdˆbˆ , (B.34)
(γIJ)
δˆ
αˆ(tˆγ
IJ)βˆγˆ = 4tˆαˆβˆδ
δˆ
γˆ + 4tˆαˆγˆδ
δˆ
βˆ
, (B.35)
Using these identities one can, for example, check that the Jacobi identity [Q , {Q , Q}] + . . .
is satisfied.
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B.2 The SU(2, 2|2) algebra
Recall that the SU(2, 2|2) super-algebra relations are[
P˜ A˜ , P˜ B˜
]
= J˜ A˜B˜ ,
[
P˜ A˜ , J˜ B˜C˜
]
= ηA˜B˜P˜ C˜ − ηA˜C˜ P˜ B˜ , (B.36)[
J˜ A˜B˜ , J˜ C˜D˜
]
= ηB˜C˜J A˜D˜ ± 3 terms , [M ij , Mkl] = δjkM il ± 3 terms , (B.37)[
QXaα , J˜
A˜B˜
]
= −1
2
QXbα(γ˜
A˜B˜)ba ,
[
QXaα , P˜
A˜
]
=
1
2
ǫXYQYbα(γ˜
A)ba , (B.38)[
QXaα , M
ij
]
= −1
2
QXaβ(σ
ij)βα ,
[
QXaα , P
]
=
1
2
ǫXYQYaα , (B.39){
QXaα , Q
Y
bβ
}
= iǫXY (t˜γ˜A˜B˜)abǫαβ J˜
A˜B˜ − 2iδXY (t˜γ˜A˜)abǫαβP˜ B˜
−2iǫXY t˜ab(ǫσij)αβM ij + 2iδXY t˜abǫαβP . (B.40)
Above, ηA˜B˜ = diag(−1 , 1 , 1 , 1 , 1), a = 1 . . . 4 is a Dirac SO(1, 4) spinor index, α = 1 , 2 is
a Dirac SO(3) spinor index, A˜, B˜ = 0, . . . , 4 is a SO(1, 4) vector index and i, j = 1, 2, 3 is a
SO(3) vector index. Above, the γ˜ matrices are conventional SO(1, 4) gamma matrices which
we will take to be
γ˜0 ≡ iγ5 , γ˜1 ≡ γ1 , γ˜2 ≡ γ2 , γ˜3 ≡ γ3 , γ˜4 ≡ γ4 , (B.41)
while t˜ is defined as
(γ˜A˜)t = t˜γ˜A˜t˜−1 , (B.42)
and in our basis is
t˜ = γ˜1γ˜3 = −12 ⊗ ǫ . (B.43)
In fact, t˜ is We also define
γ˜A˜B˜ =
1
2
(γ˜A˜γ˜B˜ − γ˜B˜γ˜A˜) . (B.44)
The γ˜ matrices satisfy the following identities
(γ˜A˜)
d
a(t˜γ˜
A˜)bc = −t˜bcδda − 2t˜abδdc + 2t˜acδdb , (B.45)
(γ˜A˜B˜)
d
a(t˜γ˜
A˜B˜)bc = 4t˜abδ
d
c + 4t˜acδ
d
b , (B.46)
where the indices A˜, B˜ are lowered with the Minkowski metric ηA˜B˜. Using these identities, as
well as equation
(σIJ )
δ
α(tρ
IJ)βγ = 2ǫαβδ
δ
γ + 2ǫαγδ
δ
β , (B.47)
one can check that the Jacobi identity [Q , {Q , Q}] + . . . is satisfied. The supercharges satisfy
the reality condition
(Qaα)
∗ = b˜a
bǫα
βQbβ , (B.48)
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where b˜ is defined by
(γ˜A˜)∗ = −b˜γ˜A˜b˜−1 . (B.49)
In our basis we can take
b˜ = −γ˜3γ˜4 . (B.50)
The reality condition (B.48) is consistent since
b˜∗b˜ = −14 , ǫ∗ǫ = −12 . (B.51)
C Projecting the OSp(1, 7|4) super-algebra
Let us consider a number of projectors on the spinors Q and work out what the resulting
sub-algebra of OSp(1, 7|4) is.
C.1 LLM Projections
Let us decompose the OSp(1, 7|4) bispinor Qaˆαˆ in the LLM fashion as
Qaˆαˆ = Qaa′α′α , (C.52)
where the subscript a = 0, . . . , 4 is an SO(1, 4) Dirac spinor index, a′ = 1, 2 and α′ = 1, 2. The
LLM Killing spinors can be constructed by a projection operator that acts only on the a′ and
α′ indices. It also is dressed by an extra exponential factor. For simplicity we first consider
projections without such an exponential factor.
C.1.1 LLM projections without exponential dressing phase
Consider the projection
Π
(4)
± ≡
1
2
(132 ± Γ56789) = 1
2
(132 ± 14 ⊗ σ3 ⊗ σ2 ⊗ 12) . (C.53)
This projection is compatible with the Majorana condition, and it projects out half of the
fermionic supercharges. The remaining charges can be written as
Q˜X=1aα ≡
1
2
(Qa,a′=1,α′=1,α + iQa,a′=1,α′=2,α + iQa,a′=2,α′=1,α +Qa,a′=2,α′=2,α) ,
Q˜X=2aα ≡
1
2
(iQa,a′=1,α′=1,α −Qa,a′=1,α′=2,α +Qa,a′=2,α′=1,α − iQa,a′=2,α′=2,α) . (C.54)
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We have written things in this suggestive way, since the Q˜ will turn out to satisfy the SU(2, 2|2)
algebra. To see this it is useful to decompose the spinors in equation (B.21) as in equation (C.52)
{Qaα , Qbβ} = −(t˜γ˜A˜B˜)abǫa′b′δα′β′ǫαβJ A˜B˜ + 2(t˜γ˜A˜)abδa′b′δα′β′ǫαβJ A˜5 + 2i(t˜γ˜A˜)abσ3a′b′δα′β′ǫαβJ A˜6
−2(t˜γ˜A˜)abσ1a′b′δα′β′ǫαβP A˜ + 2t˜abσ3a′b′δα′β′ǫαβP 5 + 2it˜abδ1a′b′δα′β′ǫαβP 6
+2it˜abσ
1
a′b′δα′β′ǫαβJ
56 + 4t˜abσ
2
a′b′σ
2
α′β′ǫαβI
45
+2t˜abǫa′b′δα′β′(ǫσ
ij)αβI
ij − 4t˜abσ2a′b′σ3α′β′(ǫσi)αβI4j + 4t˜abσ2a′b′σ1α′β′(ǫσi)αβI5j .
(C.55)
Above, by a slight abuse of notation, we decompose the superscripts A = (A˜, 5, 6) and I =
(i, 4, 5), where A˜ = 0, 1, . . . , 4 and i = 1, 2, 3. The projection Π
(4)
+ acts only on the primed
subscripts, and given the above decomposition it is easy to show that{
Q˜Xaα , Q˜
Y
bβ
}
= −ǫXY (t˜γ˜A˜B˜)abǫαβ J˜ A˜B˜ − 2iδXY (t˜γ˜A˜)abǫαβP˜ A˜ + 2ǫXY t˜ab(ǫσij)αβM ij
−2δXY t˜abǫαβP , (C.56)
where
P ≡ J56 + 2I45 , M ij ≡ I ij , J˜ A˜B˜ ≡ J A˜B˜ , P˜ A˜ ≡ P A˜ . (C.57)
C.1.2 LLM projections with exponential dressing phase
Consider now the full LLM projector
Π =
1
2
e−
ζ
2
Γ567910
(
132 + Γ
56789
)
e
ζ
2
Γ567910
=
1
2
e−
ζ
2
14⊗σ3⊗σ1⊗σ2
(
132 + 14 ⊗ σ3 ⊗ σ2 ⊗ 12
)
e
ζ
2
14⊗σ3⊗σ1⊗σ2 (C.58)
as given in equation (2.33). The supercharges preserved by the projection can be written as
Q˜X=1aα ≡
cosh(ζ/2)
2
√
cosh ζ
(Qa,a′=1,α′=1,α + iQa,a′=1,α′=2,α + iQa,a′=2,α′=1,α +Qa,a′=2,α′=2,α)
−i sinh(ζ/2)
2
√
cosh ζ
ǫαβ (Qa,a′=1,α′=2,β + iQa,a′=1,α′=1,β − iQa,a′=2,α′=2,β −Qa,a′=2,α′=1,β) ,
Q˜X=2aα ≡
cosh(ζ/2)
2
√
cosh ζ
(iQa,a′=1,α′=1,α −Qa,a′=1,α′=2,α +Qa,a′=2,α′=1,α − iQa,a′=2,α′=2,α)
−i sinh(ζ/2)
2
√
cosh ζ
ǫαβ (iQa,a′=1,α′=2,β −Qa,a′=1,α′=1,β −Qa,a′=2,α′=2,β + iQa,a′=2,α′=1,β) .
(C.59)
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Using the decomposition (C.55) we can show that the supercharges given in equation (C.59)
satisfy equation (C.56) with the identification
P ≡ J56 + 2I45sech ζ + 2I25 tanh ζ , J˜ A˜B˜ ≡ J A˜B˜ , P˜ A˜ ≡ P A˜ ,
M12 ≡ sech ζI12 + tanh ζI41 , M23 ≡ sech ζI23 − tanh ζI43 , M13 ≡ I13.(C.60)
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